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Parity check matrix:

hit hi2 -+ hin

haot hoy -+ hoy
H = . . .

h’rl h7"2 e hrn
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Parity check matrix:

hit [hig| -+ hin

hot |hoo | -+ hoy
H = . . .

h’rl hr2 hrn

The following are equivalent:
A linear [n, k, d], code.

A set of n points in PG(k — 1, q) such that d is the smallest size of
a subset of dependent points.
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Quibits:

v=alo+ 5 =[]

where a, 3 € Cand |a|?> + 8> =1
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Axiom 1.

n particles are described by a unit vector 1 € (C9)",
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Axiom 1.

n particles are described by a unit vector 1 € (C9)",

—= 10 @0)+—= 1) ®1)
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n particles are described by a unit vector 1 € (C7)*"

A measurement causes v to collapse onto a basis vector.

1 1 |0) ® |0) with 50% chance
0)@[0) + =) @ 1) — .
V2 V2 |1) ® |1) with 50% chance
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n particles are described by a unit vector 1 € (C9)",

Axiom 2.

A measurement causes v to collapse onto a basis vector.

An error corresponds to multiplying 1 with a unitary operator.
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An ((n, k,d)), quantum code is a k-dimensional subspace of
H := (C2)®" that can detect all errors of weight at most d — 1.
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Suppose g = 2. It suffices to correct the following errors:
Bit flips:

10) = 1) and [1) = [0), ie. M N m

8/25



Quantum coding theory GHENT fWO

UNIVERSITY

Suppose g = 2. It suffices to correct the following errors:
Bit flips:

10) = 1) and [1) = [0), ie. M N m
Phase flips:

10) > |0) and [1) — — 1), ie. [g] — [_O‘ﬁ]
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Suppose g = 2. It suffices to correct the following errors:
Bit flips:
. « I3
|0) — |1) and |1) — |0), ie. [ﬁ} — [ }
Phase flips:

0y — [0) and [1) — —[1), ie. [O‘] s [oz]

Both a bit flip and a phase flip.

These errors are elements of the Pauli group.
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q=2
Pauli matrices

01 0 —1 1 0
x=(70) v=(17) e 2=(; °)

Pauli group

P =(X,Y,Z)
={+], +il, £ X, +iX, +Y, +iY, + 7, +iZ}
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Pauli group.

Pr = {cX(@1)Z(b1) @ -+ ® X(an)Z(bn) | ai,b; € Fy}

where
X(a)|z) =|z + a)

Z(b) |y =(=1)" |z)
for an orthonormal basis {|z) | x € F,} of C.
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Stabiliser code.

C={peH|Ep=ryforall E€ S} whereS <P,
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Stabiliser code.

C={peH|Ep=ryforall E€ S} whereS <P,

Stabiliser group.

S={Ee€P,|EY=1forally e€C}
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Stabiliser code.

C={peH|Ep=ryforall E€ S} whereS <P,

Stabiliser group.

S={Ee€P,|EY=1forally e€C}

S is abelian.
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Stabiliser code.
C={peH|Ep=ryforall E€ S} whereS <P,

Stabiliser group.
S={EeP,|Ep=rforally €C}

Theorem.

S is abelian.

Theorem.
d(C) = minimum weight of Centraliser(S) \ S.
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Stabiliser code.
C={peH|Ep=ryforall E€ S} whereS <P,

Stabiliser group.
S={EeP,|Ep=rforally €C}

Theorem.

S is abelian.

Theorem.
d(C) = minimum weight of Centraliser(S) if C'is pure.

Assumption: C' is pure.
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5= <iXdiZbi> — dimC =27 = 28 = [n,k,d],
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5= <iXdiZgi> — dimC =27 = 28 = [n,k,d],
1<i<r
a1 - Qip | b1 - bin
g =
Ary -+ Qrp brl brn
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5= <iXdiZgi> — dimC =27 = 28 = [n,k,d],
1<i<r
a1 - Qip | b1 - bin
g= :
Qyr1 QAprn, brl brn

Trace-symplectic inner product.

=

(@B, @|5))s = te(a- 5 + - D)
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The following are equivalent:
An [n, k, d] 4 stabiliser code.

An additive code C' over F contained in its symplectic dual C' Ls,
such that d is the minimum symplectic weight of C*.
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CSS construction:

G O
7= (o)
where G and H are the generator matrix and parity check matrix of
a classical linear code.

Graph state:

6= 1

1)

where A is the adjacency matrix of a graph.
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Equivalent stabiliser codes:

O O Ry S1
ail o Aipn [ b1 o bipn ’

ial Ui
Qr1 c Qrhn b1 - br,hn .. .
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Quantum sets of lines
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a1 a2
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Qln
A2n

Qrn
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a1 (a2 | -+ ain | b11 b2 | - bin
a1 | a2 | -+ agn | bar | bao | -+ oy,
Arl | Qr2 | =+ Qprp brl br2 tee brn

The following are equivalent:
An [n, k, d]2 stabiliser code.
A quantum set of n lines in PG(n — k — 1,2) with minimum
distance d.
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a1 (a2 | -+ ain | b11 b2 | - bin
a1 | a2 | -+ agn | bar | bao | -+ oy,
Arl | Qr2 | =+ Qprp brl br2 tee brn

The following are equivalent:
An [n, k, d]2 stabiliser code.
A quantum set of n lines in PG(n — k — 1,2) with minimum
distance d.

Moreover, equivalent codes correspond to projectively equivalent lines.
15/25
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A set of lines in PG(n, 2) is quantum if every codimension two
space is skew to an even number of its lines.

even #

PG(n — 2,2) ,_JH

PG(n,2)
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A set of lines in PG(n, 2) is quantum if every codimension two
space is skew to an even number of its lines.

even #

PG(n — 2,2) ,_JH

PG(n,2)

Its minimum distance is the smallest size of a set of dependent

points on distinct lines.
16/25
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= [8,0, 3] stabiliser code
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g=2"

The isomorphism Fon = F% induces a bijection between [n, k, d]n
codes and [hn, hk,d']s codes. Moreover,d'/h < d < d'.

Example.
Let a € Fy \ {0,1}, then {a, o} is a basis of F4 over Fs.

a 0
11

‘ (1 1i1 1|1 0{0 0O
= [4,2,2]; code with matrix (0 0i1 1|1 1i1 1)

[2,1,2]4 code with matrix <[1) i
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a1 a2 -+ aip | bir bz - bip
a1 G2 -+ G2p | bar bay -+ by
Gr1 Qr2 <+ Gpp | bp1 b2 oo bpp
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air (a2 | -+ ain | b1 [bi2| -+ bin
a1 | a2 | -+ azy | bar | boo | -+ bay,
ar1 |Qr2 | ©++ Gpn | b1 [ bp2 | -0 by

The following are equivalent:
An [n, k, d]on stabiliser code.
A quantum set of n sets of h lines in PG(h(n — k) — 1,2) with
minimum distance d.
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Definition.

A quantum set of sets of lines is a partitioning of a quantum set
of An lines into n subsets of h lines, each subset spanning a
projective (2h — 1)-space 7y, 2, . . ., T, respectively.

DO
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Quantum sets of sets of lines @ GHENT fWO
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Definition.

A quantum set of sets of lines is a partitioning of a quantum set
of An lines into n subsets of h lines, each subset spanning a
projective (2h — 1)-space 7y, 2, . . ., T, respectively.

T o T3
Its minimum distance is the smallest size of a set of dependent

points in distinct 7;’s.
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=> [4,0, 3]4 stabiliser code
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The following are equivalent:
An [n, k, d]on stabiliser code.
A quantum set of n symplectic polar spaces of rank h in
PG(h(n — k) — 1,2) with minimum distance d.
Moreover, equivalent codes correspond to projectively equivalent
quantum sets of symplectic polar spaces.
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Definition.

A quantum set of symplectic polar spaces is a set of projective
(2h — 1)-spaces 71, o, . . ., T, €each equipped with a symplectic
polarity with the following property:

“Every codimension two subspace intersects an even number of the 7;’s
in a subspace 1 for which w+ is totally isotropic.”

Ut 2 3
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Definition.

A quantum set of symplectic polar spaces is a set of projective
(2h — 1)-spaces 71, o, . . ., T, €each equipped with a symplectic
polarity with the following property:

“Every codimension two subspace intersects an even number of the 7;’s
in a subspace 1 for which w+ is totally isotropic.”

1 ) T3
Its minimum distance is the smallest size of a set of dependent

points in distinct 7;’s.
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A[7,1,4]4 code does not exist (and neither does an [8,0, 5]4 code).
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A[7,1,4]4 code does not exist (and neither does an [8,0, 5]4 code).

Proof (sketch). Geometrically: quantum set of 7 symplectic polar
spaces of rank 2 in PG(11, 2) with minimum distance 5.
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Quantum symplectic polar spaces @ GHENT fWO
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A[7,1,4]4 code does not exist (and neither does an [8,0, 5]4 code).

Proof (sketch). Geometrically: quantum set of 7 symplectic polar
spaces of rank 2 in PG(11, 2) with minimum distance 5.

I1o|O|\1|1 |1

O|I|0|I|A | B
O|O|I|I|A2|By|(Cy

I
c; }341 solutions

Every 3 column blocks have full rank.
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A[7,1,4]4 code does not exist (and neither does an [8,0, 5]4 code).

Proof (sketch). Geometrically: quantum set of 7 symplectic polar
spaces of rank 2 in PG(11, 2) with minimum distance 5.

I1o|O|\1|1 |1
O|1|0|I]|A |B
O|O0 |1 |I|Ay|By|(Cy

I
c; }341 solutions

Every 3 column blocks have full rank.
For each line ¢ in each of the 7 solids, let

0 if ¢ is totally isotropic
Ty =
‘ 1 if £ is hyperbolic

= homogeneous equation for each codimension two subspace.  54/75
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A[7,1,4]4 code does not exist (and neither does an [8,0, 5]4 code).
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